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Abstract

A common criticism to simple majority voting rule is the slight support that such rule demands to declare

an alternative as a winner. Among the distinct majority rules used for diminishing this handicap, we focus

on majorities based on difference in support. With these majorities, voters are allowed to show intensities

of preference among alternatives through reciprocal preference relations. These majorities also take into

account the difference in support between alternatives in order to select the winner. In this paper we have

provided some necessary and sufficient conditions for ensuring transitive collective decisions generated by

majorities based on difference in support for all the profiles of individual reciprocal preference relations.

These conditions involve both the thresholds of support and some individual rationality assumptions that

are related to transitivity in the framework of reciprocal preference relations.

Keywords: Reciprocal preference relations, Voting systems, Majorities based on difference in support,

Transitivity.

1. Introduction

Majority voting systems are doubtless the most popular methods, within some organizations, of aggregat-

ing individual opinions in order to make collective decisions Nowadays, in almost all democratic parliaments

and institutions, decisions over collective issues are usually taken through majority systems as simple ma-

jority, absolute majority or qualified majorities. In fact, some authors argue that majority rules represent

voters’ views better than other voting systems (see Dasgupta and Maskin [7]).

From a practical point of view, these methods are easy to understand by the voters: Given two alter-

natives, each individual casts a vote for his/her preferred alternative or he/she abstains when he/she is

indifferent between them (if it is allowed). The social decision simply consists of the selection of the most

preferred alternative of a predetermined majority of the voters, if such an alternative exists.
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These facts have promoted a broad literature about all those kinds of majority systems; their properties,

advantages and drawbacks have been deeply studied in almost all of them. Moreover, majority rules are

usually set against rank order voting systems. Only majority systems lead to decisions independent of

irrelevant alternatives; however, rank order voting systems fulfil collective transitivity whereas majority

systems do not. In other words, cycles on collective decision are possible under majority rules. It is

commonly known that these cycles represent one of the most troublesome problems on Voting Theory given

that their occurrence leads to the impossibility of getting a social outcome. The well-known voting paradox

(Condorcet [4]) describes the pointed problem; whenever a social choice involves three or more alternatives

and three or more voters, cycles might appear.

A common feature of majority rules and other classic voting systems, is that they require individuals

to declare dichotomous preferences. In other words, voters can only declare if an alternative is preferred to

another, or if they are indifferent. All kinds of preference modalities are identified and voters’ opinions are

misrepresented. In this way, some authors have pointed out the necessity of having more information about

individuals preferences.

Quoting the Nobel Prize Laureate Amartya K. Sen [44, p. 162]: . . . the method of majority decision takes

no account of intensities of preference, and it is certainly arguable that what matters is not merely the number

who prefer x to y and the number who prefer y to x, but also by how much each prefers one alternative to the

other. This idea had already been considered in the 18th Century by the Spanish mathematician Morales [40]

who stated that opinion is not something that can be quantified but rather something which has to be weighed

(see English translation in McLean and Urken [39, p. 204], or . . . majority opinion . . . is something which is

independent of any fixed number of votes (see English translation in McLean and Urken [39, p. 214]).

The importance of considering intensities of preference in the design of appropriate voting systems has

also been advocated by Nurmi [42]. Following this approach, Garćıa-Lapresta and Llamazares [23] provided

some axiomatic characterizations of several decision rules that aggregate reciprocal preferences through

different kind of means. Moreover, in Garćıa-Lapresta and Llamazares [23, Prop. 2], simple majority has

been obtained as a specific case of some means-based decision rules. Likewise, other kinds of majorities can

be obtained through operators that aggregate reciprocal preferences (on this, see Llamazares and Garćıa-

Lapresta [36, 37] and Llamazares [33, 35]).

Majority rules based on difference of votes were introduced by Garćıa-Lapresta and Llamazares [24] in

order to avoid some of the drawbacks of simple and absolute majorities. Furthermore, in Garćıa-Lapresta

and Llamazares [25] these majority rules were extended by allowing individuals to show their intensities of

preference among alternatives. They introduced majorities based on difference in support or M̃k majorities

and provided a characterization by means of some independent axioms.

As previously mentioned, the voting paradox constitutes a key aspect of voting systems, and it is also

crucial in this research. We devote this paper to analyze when majorities based on difference in support ( M̃k

2



majorities) provide transitive collective preference relations for every profile of individual reciprocal prefer-

ences satisfying some rationality conditions. In other words, we study when the aggregation of individual

intensities of preferences through M̃k majorities provides transitive social decisions.

The paper is organized as follows. Section 2 is devoted to introducing some classes of transitivity

conditions in the field of reciprocal preferences. Moreover, some well-known majority rules are reviewed,

and the extension of majorities based on difference of votes to the field of reciprocal preferences, the class of

majorities based on difference in support, is introduced. Section 3 includes the results and some illustrative

examples. Finally, Section 4 provides some concluding remarks.

2. Preliminaries

Consider m voters, V = {1, . . . ,m}, with m ≥ 2, showing the intensity of their preferences on n

alternatives, X = {x1, . . . , xn}, with n ≥ 2, through reciprocal preference relations Rp : X ×X −→ [0, 1],

for p = 1, . . . ,m, i.e., rpij + rpji = 1 for all i, j ∈ {1, . . . , n}, where rpij = Rp(xi, xj). The information

contained in Rp can be represented by a n× n matrix with coefficients in [0, 1]

Rp =


rp11 rp12 · · · rp1n

rp21 rp22 · · · rp2n

· · · · · · · · · · · ·

rpn1 rpn2 · · · rpnn


where, by reciprocity, all the diagonal elements are 0.5 and rpji = 1 − rpij if j 6= i. Rewriting the matrix

according to these facts, we have:

Rp =


0.5 rp12 · · · rp1n

1− rp12 0.5 · · · rp2n

· · · · · · · · · · · ·

1− rp1n 1− rp2n · · · 0.5

 .

Under this setting, we assume that voters are able to distinguish whether they prefer one alternative to

another or if they are totally indifferent between them. We also consider that voters may provide numerical

degrees of preference among the alternatives by means of numbers within a bipolar scale in the unit interval.

More specifically, given two alternatives xi and xj , if voter p is indifferent between these alternatives, then

rpij = 0.5. But if this individual prefers an alternative to the other, then he/she can show the intensity of

preference in the following way: rpij = 0, when p absolutely prefers xj to xi; r
p
ij = 1, when p absolutely

prefers xi to xj . If p does not declare extreme preferences or indifference, then rpij takes some value between

0 and 1 different to 0.5. If this voter somewhat prefers xi to xj , then 0.5 < rpij < 1, and the closer this
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number is to 1, the more xi is preferred to xj . A similar interpretation can be done for values located

between 0 and 0.5: if p somewhat prefers xj to xi, then 0 < rpij < 0.5, and the closer this number is to 0,

the more xj is preferred to xi (see Nurmi [41] and Garćıa-Lapresta and Llamazares [23]).

Notice that reciprocity extends two properties from the framework of ordinary preferences to the context

of intensities of preference: asymmetry (see Garćıa-Lapresta and Meneses [27]) and completeness (see De

Baets and De Meyer [8]).

With R(X) we denote the set of reciprocal preference relations on X. A profile is a vector (R1, . . . , Rm)

containing the individual reciprocal preference relations on X. Accordingly, the set of profiles is denoted

by R(X)m.

An ordinary preference relation on X is an asymmetric binary relation on X: if xi P xj , then does not

happen xj P xi. The indifference relation associated with P is defined as xi I xj if neither xi P xj nor

xj P xi. With P(X) we denote the set of ordinary preference relations on X.

Notice that every ordinary preference relation P can be considered as a reciprocal preference relation R:

xi P xj ⇔ rij = 1

xj P xi ⇔ rij = 0

xi I xj ⇔ rij = 0.5 .

On the other hand, a reciprocal preference relation Rp is crisp if rpij ∈ {0, 0.5, 1} for all i, j ∈ {1, . . . , n}.

So, in practice, crisp reciprocal preference relations and ordinary preference relations are equivalent.

An ordinary preference relation P ∈ P(X) is transitive if for all xi, xj , xl ∈ X it holds that if xi P xj

and xj P xl, then it also holds xi P xl.

In Figure 1, the difference on the information reported by ordinary preferences in comparison with

reciprocal preferences is shown.

Individual preferences

Ordinary Reciprocal

xj P xi

xj I xi

xi P xj

rij ∈ [0, 0.5)

rij = 0.5

rij ∈ (0.5, 1]

Figure 1: Ordinary versus reciprocal preferences.
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2.1. Consistency on reciprocal preference relations

Within the framework of ordinary preference relations, the most well-known rationality assumption is

transitivity. However, such a condition could be extended in many different ways when considering reciprocal

preference relations or similar structures (see, for instance, Zadeh [51], Dubois and Prade [17], Tanino [49],

Jain [31], De Baets et al. [12], De Baets and Van de Walle [11], Dasgupta and Deb [6], Van de Walle et

al. [50], Switalski [46, 47], Herrera-Viedma et al. [29], Dı́az et al. [15, 16, 13, 14], De Baets and De Meyer

[8], Garćıa-Lapresta and Meneses [26], De Baets et al. [10], Garćıa-Lapresta and Montero [28], Chiclana et

al. [2, 3], Alonso et al. [1] or De Baets et al. [9]).

It is important to note that in 1973 Fishburn [20] provided some extensions of transitivity within the

probabilistic choice framework. These extensions can be considered as precursors of some transitivity prop-

erties in the field of reciprocal relations.

We now introduce the notion of transitivity we use in the results (see also Figure 2).

Definition 1. A function g : [0.5, 1]2 −→ [0.5, 1] is a monotonic operator if it is satisfies the following

conditions:

1. Continuity.

2. Increasingness: g(a, b) ≥ g(c, d) for all a, b, c, d ∈ [0.5, 1] such that a ≥ c and b ≥ d.

3. Symmetry: g(a, b) = g(b, a) for all a, b ∈ [0.5, 1].

Definition 2. Given a monotonic operator g, R ∈ R(X) is g-transitive if for all i, j, l ∈ {1, . . . , n} the

following holds: (
rij > 0.5 and rjl > 0.5

)
⇒
(
ril > 0.5 and ril ≥ g(rij , rjl)

)
.

xi xj xl
rij > 0.5 rjl > 0.5

ril > 0.5 ∧ ril ≥ g(rij , rjl)

Figure 2: The notion of g-transitivity.

With Tg we denote the set of all g-transitive reciprocal preference relations. Notice that if f and g are

two monotonic operators such that f ≤ g, i.e., f(a, b) ≤ g(a, b) for all a, b ∈ [0.5, 1], then Tg ⊆ Tf .

Figure 2 illustrates g-transitivity. This definition of transitivity allows us to distinguish between different

degrees of individual’s rationality. Furthermore, an appropriate choice of g allows us avoid situations
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where individuals’ rationality could be questioned. For instance, consider the values rpij = 1, rpjl = 1 and

rpil = 0.51; that is, voter p absolutely prefers xi to xj and xj to xl, but only slightly xi to xl. In this

case, the rationality of individual p could be questioned given that, in the ordinary case, the notion of

transitivity means that if xi P xj (rpij = 1) and xj P xl (rpjl = 1), then xi P xl (rpil = 1).

We now consider three of the most commonly used transitivity conditions on reciprocal preference rela-

tions by means of the monotonic operators minimum, arithmetic mean and maximum:

1. R is min-transitive if R is g-transitive being g(a, b) = min{a, b} for all (a, b) ∈ [0.5, 1]2.

2. R is am-transitive if R is g-transitive being g(a, b) = (a+ b)/2 for all (a, b) ∈ [0.5, 1]2.

3. R is max-transitive if R is g-transitive being g(a, b) = max{a, b} for all (a, b) ∈ [0.5, 1]2.

We denote with Tmin, Tam and Tmax the sets of all min-transitive, am-transitive and max-transitive

reciprocal preference relations, respectively. Clearly, Tmax ⊂ Tam ⊂ Tmin.

2.2. Majority rules

Among the wide variety of majority rules, simple majority holds a primary position. Recalling the

rule, one alternative, say x, defeats another, say y, when the number of individuals who prefer x to y is

greater than the number of individuals who prefer y to x. Since it was first characterized by May [38], a

wide research has been done with regard to analyzing its properties. In particular, simple majority is the

most decisive majority rule when the alternatives are equally treated. On the one hand, this constitutes an

advantage with respect to other rules. On the other hand, unfortunately, it also represents an important

drawback: simple majority requires a really poor support for declaring an alternative as the winner. For

instance, when all voters but one abstain, the winner is the alternative receiving that single vote.

In an attempt to get a better performance on that issue, other majorities have been introduced and

studied in the literature. Among them one can find unanimous majority, qualified majorities and absolute

majority (see Fishburn [19, chapter 6], Ferejohn and Grether [18], Saari [43, pp. 122–123], and Garćıa-

Lapresta and Llamazares [24], among others).

According to unanimous majority, an alternative, say x, defeats another one, say y, when every voter

involved in the election casts his/her ballot for the alternative x. Obviously reaching a winner is very difficult

in practice under this rule; if there is just one discordant voter, a collective choice becomes impossible.

Qualified majorities require support for the winner alternative to be greater than or equal to a quota,

fixed before the election, multiplied by the number of voters. So, an alternative x defeats another alternative

y by a qualified majority of quota α > 0.5, when at least 100α% of voters prefer x to y. Common examples

are three-fifths, two-thirds or three-quarters majorities. Note that when the required quota is 1, we are going

back to unanimous majority.

Finally, when the required support for the winning alternative is greater than half the number of voters,

we are looking at absolute majority. Obviously whenever every individual involved in the election has
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strict preferences over alternatives (that is, no individual is indifferent between distinct alternatives), simple

majority and absolute majority are equivalent.

In Garćıa-Lapresta and Llamazares [24], another class of majorities have been introduced and analyzed:

majorities based on difference of votes or Mk majorities. According to these majorities, given two alterna-

tives, x and y, x is collectively preferred to y, when the number of individuals who prefer x to y exceeds

the number of individuals who prefer y to x by at least a fixed integer k from 0 to m−1. These majorities

have been axiomatically characterized by Llamazares [34] and subsequently by Houy [30].

We note that Mk majorities are located between simple majority and unanimity. In particular, we face

simple majority when the required threshold k equals 0 whereas unanimity is reached when k equals m−1.

Therefore the above mentioned problem of support in the case of simple majority can be solved with these

rules by using appropriate thresholds. Since voters are sometimes indifferent between some alternatives, Mk

majorities have an important role in group decision making.

Qualified majorities, however, are located between absolute majority and unanimity. It is interesting

to note that Mk majorities and qualified majorities become equivalent when indifference is ruled out from

individual preferences.

In Figure 3 all these facts are summarized, and the difference between Mk-majorities and qualified

majorities, when voters can declare indifference between alternatives, is emphasized.

Absolute majoritySimple majority

k = 0

Unanimous majority

k = m− 1

Mk-majorities

Qualified majorities

Figure 3: Mk-majorities versus qualified majorities.

2.3. Majorities based on difference in support

To finish this preliminary section, we now present the voting rules becoming goal of this research:

majorities based on difference in support. These majorities extend the family of majorities based on difference

of votes to the field of reciprocal preferences. Given two alternatives x and y, x defeats y when the

aggregated intensity of preference of x over y exceeds the aggregated intensity of y over x in a threshold

k fixed before the election, where k is a real number located between 0 and the total number of voters.
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Definition 3. Given a threshold k ∈ [0,m) and D ⊆ R(X)m, the M̃k majority is the mapping

M̃k : D −→ P(X) defined by M̃k(R1, . . . , Rm) = Pk, where

xi Pk xj ⇔
m∑
p=1

rpij >

m∑
p=1

rpji + k.

Notice that M̃k assigns a collective ordinary preference relation to each profile of individual reciprocal

preference relations. It is easy to see (Garćıa-Lapresta and Llamazares [25]) that Pk can be defined through

the average of the individual intensities of preference:

xi Pk xj ⇔
1

m

m∑
p=1

rpij >
m+ k

2m
,

or, equivalently,

xi Pk xj ⇔
m∑
p=1

rpij >
m+ k

2
. (1)

We can rewrite Pk by means of an α–cut1. Let R : X ×X −→ [0, 1] the reciprocal preference relation

defined by the arithmetic mean of the individual intensities of preference, i.e.,

R(xi, xj) =
1

m

m∑
p=1

rpij .

Then, Pk = Rα, with α = (m+ k)/2m.

The indifference relation associated with Pk is defined by:

xi Ik xj ⇔

∣∣∣∣∣
m∑
p=1

rpij −
m∑
p=1

rpji

∣∣∣∣∣ ≤ k,
or, equivalently,

xi Ik xj ⇔

∣∣∣∣∣
m∑
p=1

rpij −
m

2

∣∣∣∣∣ ≤ k

2
. (2)

Going deeper on the behavior of M̃k majorities, some interesting facts can be detailed.

Remark 1. For M̃k majorities, the following statements hold:

1. (xi Pk xj and k′ > k) ⇒ (xi Pk′ xj or xi Ik′ xj ).

2. (xi Pk xj and k′ < k ) ⇒ xi Pk′ xj .

3. (∃ k ∈ [0,m) xi Pk xj ) ⇒ (∀ k′ ∈ [0,m) ¬(xj Pk′ xi)).

The first implication states that whenever an alternative is preferred to another one for a given threshold,

that preference holds or, at most, turns into an indifference for any other threshold greater than the first

considered one. The second fact shows that the preference between two alternatives does not change when

the threshold becomes smaller. The third statement is a consequence of the previous two: Whenever one

alternative is preferred to another for a certain threshold, that preference cannot be reversed for neither a

greater nor a smaller threshold.

1If R ∈ R(X) and α ∈ [0.5, 1), the α–cut of R is the ordinary preference relation Rα defined by xiRα xj ⇔ R(xi, xj) > α.
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3. Ensuring transitive collective decisions

This section includes the results and some illustrative examples. We establish necessary and sufficient

conditions on thresholds k for ensuring that majorities based on difference in support provide transitive

collective preferences Pk for every profile of several types of individual reciprocal preference relations. To

be more specific, we assume different kinds of rationality assumptions to represent the voter’s behavior.

In the following proposition we establish a necessary condition on thresholds k in M̃k majorities for

having transitive collective preference relations for every profile of reciprocal preference relations satisfying

any kind of g-transitivity. This necessary condition is very restrictive: k should be at least m− 1.

Proposition 1. If g is a monotonic operator, then there does not exist k ∈ [0,m − 1) such that Pk is

transitive for every profile of individual preferences (R1, . . . , Rm) ∈ Tmg .

Proof. Let g be a monotonic operator, k ∈ [0,m − 1) and R′, R′′ be the following reciprocal preference

relations:

R′ =



0.5 1 1 . . .

0 0.5 1 . . .

0 0 0.5 . . .

. . . . . . . . . . . . . . . . .


, R′′ =



0.5 0.5 0 . . .

0.5 0.5 0.5 . . .

1 0.5 0.5 . . .

. . . . . . . . . . . . . . . . .


,

where non clearly stated elements above take the value 0.5. It is not difficult to prove that R′, R′′ ∈ Tg.

Let consider the preference profile (R1, . . . , Rm), where2

Ri =

R
′, if i = 1, . . . ,

⌊
m+k
2

⌋
,

R′′, if i =
⌊
m+k
2

⌋
+ 1, . . . ,m.

According to expression (1), x1 Pk x2 and x2 Pk x3 will happen if the following is true:⌊
m+ k

2

⌋
+

1

2

(
m−

⌊
m+ k

2

⌋)
>
m+ k

2
,

or, equivalently,
⌊
m+k
2

⌋
> k. Let see that such condition is always fulfilled. Since k ∈ [0,m − 1), we

distinguish two different cases:

1. If k ∈ [m− 2,m− 1), then
⌊
m+k
2

⌋
= m− 1 > k.

2. If k < m− 2, then 2k < m+ k − 2; that is, k < m+k
2 − 1. Therefore, k <

⌊
m+k
2

⌋
.

Consequently, x1 Pk x2 and x2 Pk x3. If Pk was transitive, then x1 Pk x3; that is,

m∑
p=1

rp13 =

⌊
m+ k

2

⌋
>
m+ k

2
,

which is impossible.

2Given x ∈ R, bxc means the integer part of x; that is, the highest integer lower than or equal to x.
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Proposition 1 establishes that is not possible to guarantee the transitivity of the collective preference

relation for every profile of reciprocal preference relations whenever thresholds are smaller than m − 1. In

spite of that result, transitivity can be satisfied in some profiles as it is shown in Example 1.

Example 1. Consider the profile of three reciprocal preference relations on X = {x1, x2, x3} given by the

following matrices

R1 =


0.5 1 0.9

0 0.5 1

0.1 0 0.5

 , R2 =


0.5 1 0.8

0 0.5 0.9

0.2 0.1 0.5

 , R3 =


0.5 0.9 0.8

0.1 0.5 1

0.2 0 0.5

 .

It is easy to see that R1, R2, R3 /∈ Tmin.

Taking into account the definition of the collective ordinary preference relation for M̃k-majorities given

by expression (1),

xi Pk xj ⇔ r1ij + r2ij + r3ij >
3 + k

2
,

we have that

x1 Pk x2 ⇔ k < 2.8, x2 Pk x3 ⇔ k < 2.8, x1 Pk x3 ⇔ k < 2 .

Table 1 contains the information about the collective preferences and indifferences (see expression (2))

for all the thresholds k ∈ [0, 3). It can be checked that Pk is transitive for every k ∈ [0, 2) ∪ [2.8, 3).

Table 1: Collective preferences in Example 1.

x1 vs. x2 x2 vs. x3 x1 vs. x3

0 ≤ k < 2 x1 Pk x2 x2 Pk x3 x1 Pk x3

2 ≤ k < 2.8 x1 Pk x2 x2 Pk x3 x1 Ik x3

2.8 ≤ k < 3 x1 Ik x2 x2 Ik x3 x1 Ik x3

In the following proposition we establish a sufficient condition on the individual rational behavior for

ensuring transitive collective preference relations for every profile of individual reciprocal preferences if

thresholds are at least m − 1. Specifically, this sufficient condition requires that each individual is g-

transitive, g being a monotonic operator whose values are not smaller than those given by the arithmetic

mean.

Proposition 2. For each monotonic operator g such that g(a, b) ≥ (a + b)/2 for all (a, b) ∈ [0.5, 1]2 and

each k ∈ [m− 1,m), Pk is transitive for every profile of individual preferences (R1, . . . , Rm) ∈ Tmg .
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Proof. Let g be a monotonic operator such that g(a, b) ≥ (a+ b)/2 for all (a, b) ∈ [0.5, 1]2, k ∈ [m−1,m),

(R1, . . . , Rm) ∈ Tmg and xi, xj , xl ∈ X such that xi Pk xj and xj Pk xl. Since k ≥ m− 1, it happens that

m∑
p=1

rpij >
m+ k

2
≥ m− 1

2
and

m∑
p=1

rpjl >
m+ k

2
≥ m− 1

2
.

For inequalities above to be true, it is necessary that every addend be greater than 0.5; that is, rpij > 0.5

and rpjl > 0.5 for all p ∈ {1, . . . ,m}.

Since (R1, . . . , Rm) ∈ Tmg , it happens that rpil ≥ g(rpij , r
p
jl) ≥ (rpij + rpjl)/2 for all p ∈ {1, . . . ,m}.

Therefore,

m∑
p=1

rpil ≥
m∑
p=1

rpij + rpjl
2

=
1

2

(
m∑
p=1

rpij +

m∑
p=1

rpjl

)
>

1

2

(
m+ k

2
+
m+ k

2

)
=
m+ k

2
;

that is, xi Pk xl.

Proposition 2 ensures the transitivity of the collective preference relation for every profile of reciprocal

preference relations satisfying some transitivity conditions, whenever thresholds are at least m−1. Example

2 shows how inconsistencies diminish when thresholds increase.

Example 2. Consider the profile of three reciprocal preference relations on X = {x1, x2, x3} given by the

following matrices

R1 =


0.5 1 1

0 0.5 1

0 0 0.5

 , R2 =


0.5 0.1 0.1

0.9 0.5 0.9

0.9 0.1 0.5

 , R3 =


0.5 0.9 0.2

0.1 0.5 0.1

0.8 0.9 0.5

 .

It can be tested that R1, R2, R3 ∈ Tmax.

Taking into account expression (1),

xi Pk xj ⇔ r1ij + r2ij + r3ij >
3 + k

2
,

we have that

x1 Pk x2 ⇔ k < 1, x2 Pk x3 ⇔ k < 1, x3 Pk x1 ⇔ k < 0.4.

In Table 2 we present the information about the collective preferences and indifferences (see expression

(2)) for all the thresholds k ∈ [0, 3). In this case, Pk is not transitive for every k ∈ [0, 1). Specifically, if

k < 0.4, we have a cycle, whereas if k ∈ [0.4, 1) the cycle disappears but transitivity is not satisfied. If

k ≥ 1, all three alternatives are declared socially indifferent, so transitivity is trivially fulfilled.

In the following proposition we establish that the sufficient condition given in Proposition 2 is also

necessary. Furthermore, if it is not fulfilled, then it is not possible to guarantee collective transitivity for

every profile and any threshold.
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Table 2: Collective preferences in Example 2.

x1 vs. x2 x2 vs. x3 x1 vs. x3

0 ≤ k < 0.4 x1 Pk x2 x2 Pk x3 x3 Pk x1

0.4 ≤ k < 1 x1 Pk x2 x2 Pk x3 x1 Ik x3

1 ≤ k < 3 x1 Ik x2 x2 Ik x3 x1 Ik x3

Proposition 3. For each monotonic operator g such that g(a, b) < (a + b)/2 for all (a, b) ∈ [0.5, 1]2

with a 6= b, there does not exist k ∈ [m − 1,m) such that Pk is transitive for every profile of individual

preferences (R1, . . . , Rm) ∈ Tmg .

Proof. Let g be a monotonic operator such that g(a, b) < (a + b)/2 for all (a, b) ∈ [0.5, 1]2 with a 6= b,

and let h : [0.5, 1] −→ [0.5, 1] be such that h(a) = g(a, 1) for all a ∈ [0.5, 1]. By construction, h is

continuous and h(0.5) = g(0.5, 1) < (0.5 + 1)/2 = 0.75. Moreover, given k ∈ [m − 1,m), we have that

(m + k)/2m ≥ (2m − 1)/2m. Since m ≥ 2, (2m − 1)/2m ≥ 0.75. Therefore, (m + k)/2m ≥ 0.75 and

h(0.5) < (m+ k)/2m.

We distinguish two cases:

1. If h(1) ≤ (m + k)/2m, we consider the profile of individual preferences (R1, . . . , Rm) such that, for

all i ∈ {1, . . . ,m},

Ri =



0.5 1 m+k
2m . . .

0 0.5 1 . . .

m−k
2m 0 0.5 . . .

. . . . . . . . . . . . . . . . . . . . .


.

Again, as in the proof of Proposition 1, the non clearly stated elements take the value 0.5. It is easy

to check that (R1, . . . , Rm) ∈ Tmg . By expression (1), it is clear that x1 Pk x2 and x2 Pk x3. Since

m∑
p=1

rp13 = m
m+ k

2m
=
m+ k

2
,

we have that ¬(x1 Pk x3), that is, Pk is not transitive.

2. If h(1) > (m + k)/2m, since h is a continuous function and h(0.5) < (m + k)/2m, there exists an

ak ∈ (0.5, 1) such that h(ak) = g(ak, 1) = (m+ k)/2m.
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Let R′, R′′ and R′′′ the reciprocal preference relations showed below:

R′ =



0.5 ak h(ak) . . .

1− ak 0.5 1 . . .

1− h(ak) 0 0.5 . . .

. . . . . . . . . . . . . . . . . . . . . . . . .


, R′′ =



0.5 1 h(ak) . . .

0 0.5 ak . . .

1− h(ak) 1− ak 0.5 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . .


,

R′′′ =



0.5 h(ak) h(ak) . . .

1− h(ak) 0.5 h(ak) . . .

1− h(ak) 1− h(ak) 0.5 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .


,

where non clearly stated elements above take the value 0.5. It is obvious that R′, R′′ ∈ Tg. Moreover,

since g is continuous and g(a, b) < (a+ b)/2 for all (a, b) ∈ [0.5, 1]2 with a 6= b, we have that

g(h(ak), h(ak)) ≤ h(ak) + h(ak)

2
= h(ak).

Therefore R′′′ ∈ Tg. We distinguish two cases:

(a) If m is even, we consider the profile of preferences (R1, . . . , Rm), where

Ri =

R
′, if i = 1, . . . , m2 ,

R′′, if i = m
2 + 1, . . . ,m.

According to expression (1), to x1 Pk x2 and x2 Pk x3 to be true it is necessary that

m

2
ak +

m

2
>
m+ k

2
.

Let see that such condition is always fulfilled:

m

2
ak +

m

2
=
m

2
(ak + 1) >

m

2
(2g(ak, 1)) = mh(ak) =

m+ k

2
.

If Pk was transitive, then x1 Pk x3; in other words,

m∑
p=1

rp13 = mh(ak) =
m+ k

2
>
m+ k

2
,

which is impossible.

(b) If m is odd, we consider the profile of preferences (R1, . . . , Rm), where

Ri =


R′, if i = 1, . . . , m−12 ,

R′′, if i = m+1
2 , . . . ,m− 1,

R′′′, if i = m.
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Having in mind expression (1), x1 Pk x2 and x2 Pk x3 happen if the following is fulfilled:

m− 1

2
ak +

m− 1

2
+ h(ak) >

m+ k

2
.

Let see such condition is always satisfied:

m− 1

2
ak +

m− 1

2
+ h(ak) =

m− 1

2
(ak + 1) + h(ak) >

m− 1

2
(2g(ak, 1)) + h(ak)

= (m− 1)h(ak) + h(ak) =
m+ k

2
.

If Pk was transitive, then x1 Pk x3; that is,

m∑
p=1

rp13 = mh(ak) =
m+ k

2
>
m+ k

2
,

which is impossible.

Proposition 3 establishes that the transitivity of the collective preference relation cannot be guaranteed

for every profile of reciprocal preference relations satisfying some low transitivity conditions, even when

thresholds are at least m − 1. As in Proposition 1, this result does not rule out the fact that transitivity

can be satisfied in some profiles. To illustrate this, we provide the following example.

Example 3. Consider the profile of three reciprocal preference relations on X = {x1, x2, x3} given by the

following matrices

R1 =


0.5 1 0.9

0 0.5 0.9

0.1 0.1 0.5

 , R2 =


0.5 0.9 0.9

0.1 0.5 1

0.1 0 0.5

 , R3 =


0.5 1 0.9

0 0.5 1

0.1 0 0.5

 .

It can be checked that R1, R2, R3 /∈ Tam.

By expression (1),

xi Pk xj ⇔ r1ij + r2ij + r3ij >
3 + k

2
,

we have that

x1 Pk x2 ⇔ k < 2.8, x2 Pk x3 ⇔ k < 2.8, x1 Pk x3 ⇔ k < 2.4.

Table 3 contains the information about the collective preferences and indifferences (see expression (2))

for all the thresholds k ∈ [0, 3). According to this situation, Pk is transitive for every k ∈ [0, 2.4) ∪ [2.8, 3).

4. Concluding remarks

In this paper we have presented some necessary and sufficient conditions under which M̃k majorities

lead to transitive collective preference relations. These results highlight the importance of the arithmetic

mean for aggregating individual intensities of preference.
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Table 3: Collective preferences in Example 3.

x1 vs. x2 x2 vs. x3 x1 vs. x3

0 ≤ k < 2.4 x1 Pk x2 x2 Pk x3 x1 Pk x3

2.4 ≤ k < 2.8 x1 Pk x2 x2 Pk x3 x1 Ik x3

2.8 ≤ k < 3 x1 Ik x2 x2 Ik x3 x1 Ik x3

Unfortunately, the results displayed above lead us almost to impossibility results. We have considered

different assumptions about individuals’ rationality but, under every specification, the way of ensuring

transitive collective relations approaches unanimous support. In other words, a high threshold is required

in order to get transitive collective preference relations for every profile of individual reciprocal preference

relations. In practice, an almost unanimous support is needed for avoiding intransitivities.

Indeed, transitivity may be considered as a really strong condition. We left the study of the conditions

required to get acyclic collective preference relations as an alternative way to study the consistency of

collective preference relations for further research. With regard to this, we want to remark the results in

Kramer [32] and in Slutsky [45]. In the first case, acyclic collective preference relations are reached by using

a specific qualified majority, the minmax voting rule, and a particular structure of dichotomous collective

preferences, called Type I utility functions. In the second case, the collective preference relation is built on

the basis of a majority which takes into account the logarithmic difference between the number of individuals

who prefer an alternative, say x, to another, say y, and the number of individuals who prefer y to x. When

this difference reaches a specific value, the collective preference relation is acyclic for any type of individual

preferences (see also Craven [5] and Ferejohn and Grether [18]).

Moreover, we want to point out that there is a significant diparity between the possibility of having

cycles and the empirical occurrence of them (see Gehrlein and Fishburn [21], Gehrlein [22] and Tangian [48],

among others). We left the study of such occurrence in the case of M̃k majorities for further research.

From a practical point of view, the class of majorities based on difference in support may be applied to

several scenarios whenever one alternative has to be chosen with a desirable support with respect to other

alternatives. Among international organizations, an interesting case is the European Commission, where

voters are the different members states.
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