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Abstract Voting systems between two alternatives have been widely studied in the
literature of Social Choice. One of the results given by Fishburn (The Theory of So-
cial Choice, Princeton University Press, 1973) allows us to characterize anonymous,
neutral and monotonic voting systems by means of functions satisfying adequate con-
ditions. From among all kinds of functions, the class of affine functions is highly
interesting because from them it is possible to obtain the voting systems most used
in practice. In this paper we analyze the structure of the set of these functions and
we show that this set is convex and its extreme points are the functions that generate
the following voting systems: simple majority, absolute majority, unanimous major-
ity and Pareto majority. Moreover, we suggest a simple method for choosing a voting
system when two alternatives are under consideration.

Keywords Voting systems · Simple majority · Absolute majority · Unanimous
majority · Pareto majority

JEL Classification D71

1 Introduction

A classic problem that appears in several scientific fields consists in determining a
collective preference from the preferences of a group of individuals on a set of alter-
natives. The simplest situation happens when the individuals have to choose between
two alternatives. However, in spite of being the simplest case, it is not trivial and the
analysis of voting systems (henceforth called Social Welfare Functions, SWFs) be-
tween two alternatives has generated an abundant literature among academics. One
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of the most outstanding works on SWFs between two alternatives was realized by
Fishburn (1973). One of his results, Fishburn (1973, p. 56), can be formulated as a
characterization of the anonymous, neutral and monotonic SWFs. From this result, it
is possible to characterize these SWFs by means of certain increasing functions.

Given that some of the SWFs most used in practice can be generated when the
previous increasing functions are affine, the aim of this paper is to analyze the struc-
ture of the set formed by these functions. In this respect, in this paper we show that
this set is convex and its extreme points are the functions that generate the following
SWFs: simple majority, absolute majority, unanimous majority and Pareto majority.
In addition to this, we show that the problem of selecting a SWF can be reduced to
answering two simple questions: How many votes need an alternative for winning
when the other alternative receives no vote? How many votes must an alternative
gather for each vote obtained by the other alternative?

The paper is organized as follows. Section 2 provides the basic concepts and no-
tation on SWFs. Moreover, the characterization result given by Fishburn is recalled.
In Section 3 we give the main results of the paper. We conclude in Section 4.

2 Preliminaries

Let N = {1, . . . ,n} be the set of voters, with n≥ 3, and x,y two alternatives. Individual
preferences between both alternatives are described by a profile D = (d1, . . . ,dn),
where di is 1,−1 or 0 depending on whether individual i prefers x to y, y to x or
is indifferent between both alternatives. The set of profiles of preferences will be
denoted by D .

Given D,D′ ∈ D and σ a permutation of N, we will use the following notation:
n+(D) = #{i ∈ N | di = 1}, n−(D) = #{i ∈ N | di = −1}, −D = (−d1, . . . ,−dn),
Dσ = (dσ(1), . . . ,dσ(n)) and D′ ≥ D will mean d′i ≥ di for all i ∈ N.

For each profile of preferences, the collective preference will be obtained by
means of SWFs.

Definition 1 A SWF is a mapping F : D −→ {−1,0,1}.

The possible values of F , 1, 0, and −1, have a similar interpretation as that in
the case of individual preferences. Next we present some well-known properties
of SWFs: Anonymity, neutrality and monotonicity. Anonymity, also referred to as
equality and symmetry, means that collective preference depends only on the set of
individual preferences, but not on which individuals have these preferences, i.e., all
individuals are treated equally. Neutrality, also referred to as duality, says that if ev-
eryone reverses their preferences between x and y, then the collective preference is
also reversed, i.e., the alternatives are treated equally. Finally, monotonicity means
that increased support for an alternative does not hurt this alternative.

Definition 2 Let F be a SWF.

1. F is anonymous if for all permutation σ of N and all profile D ∈ D we have
F(Dσ ) = F(D).

2. F is neutral if for all profile D ∈D we have F(−D) =−F(D).
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3. F is monotonic if for all pair of profiles D,D′ ∈ D such that D′ ≥ D we have
F(D′)≥ F(D).

It is worth noting that if F is anonymous, then the value F(D) depends only on
n+(D) and n−(D). On the other hand, any neutral SWF is characterized by the set
F−1({1}), since

F−1({−1}) = {D ∈D | −D ∈ F−1({1})},

F−1({0}) = D \
(
F−1({1})∪F−1({−1})

)
.

Anonymous, neutral and monotonic SWFs have been widely studied by Fishburn
(1973). One of his results, Fishburn (1973, p. 56) can be given as a characterization
of these functions. In what follows, given a ∈R, [a] will denote the integer part of a,
i.e., the largest integer smaller than or equal to a.

Theorem 1 Let F be a SWF. Then the following statements are equivalent:

1. F is anonymous, neutral and monotonic.
2. There exist integers r0≤ r1≤ ·· · ≤ r[n/2] that satisfy ri≥ i for all i∈ {0, . . . , [n/2]}

and such that

F(D) =


1 if n+(D)> rn−(D),

−1 if n−(D)> rn+(D),

0 otherwise.

3 The results

Theorem 1 allows us to characterize the anonymous, neutral and monotonic SWFs by
means of increasing functions that satisfy a certain property. For this, it is sufficient
to take into account that the integers r0, r1, . . . ,r[n/2] can be seen as the integer part of
the values taken by a function. Moreover, given that any neutral SWF is characterized
by the set F−1({1}), Fishburn’s result can be given as follows.

Corollary 1 Let F be a neutral SWF. Then the following statements are equivalent:

1. F is anonymous and monotonic.
2. There exists an increasing function f : [0,n/2] −→ [0,∞) that satisfies f (t) ≥ t

for all t ∈ [0,n/2] and such that

F(D) = 1 ⇔ n+(D)> f (n−(D)).

Proof
(1) ⇒ (2): By Theorem 1, there exist integers r0 ≤ r1 ≤ ·· · ≤ r[n/2] that satisfy

ri ≥ i for all i ∈ {0,1, . . . , [n/2]}. Therefore, the piecewise linear function f such that
f (i) = ri for all i ∈ {0,1, . . . , [n/2]} and, if n is odd, f (n/2) = max{n/2, f ([n/2])}
satisfies the conditions of the theorem.

(2) ⇒ (1): The integers ri = [ f (i)], i ∈ {0,1, . . . , [n/2]}, satisfy r0 ≤ r1 ≤ ·· · ≤
r[n/2] and ri ≥ i for all i∈ {0,1, . . . , [n/2]}. Therefore, by Theorem 1, F is anonymous
and monotonic.
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Let C be the set of increasing functions f : [0,n/2]−→ [0,∞) that satisfy f (t)≥ t
for all t ∈ [0,n/2]. According to Corollary 1, given f ∈ C , we can associate with f
an anonymous, neutral and monotonic SWF Ff defined by

Ff (D) = 1 ⇔ n+(D)> f (n−(D)).

It is worth noting that different functions f ,g ∈ C can generate the same SWF.
In order to characterize this kind of functions, we will use the following notation:
Given f ∈ C , N f = {t ∈ {0,1, . . . , [n/2]} | t +[ f (t)]≤ n−1}. The set N f is closely
connected with the SWF Ff , as we show in the following lemma.

Lemma 1 Let f ∈ C . Then the following statements are equivalent:

1. t ∈ N f .
2. There exists D ∈D such that n−(D) = t and Ff (D) = 1.

Proof
(1) ⇒ (2): Given t ∈ N f , let D ∈ D a profile such that n−(D) = t and n+(D) =

[ f (t)]+1. This profile exists because n−(D)+n+(D) = t +[ f (t)]+1≤ n. Moreover,
Ff (D) = 1 since n+(D)> f (n−(D)).

(2)⇒ (1): Suppose that there exists D ∈ D such that n−(D) = t and Ff (D) = 1.
Since Ff (D) = 1, we have n+(D)> f (n−(D)) = f (t)≥ [ f (t)]. Therefore, t+[ f (t)]<
n−(D)+n+(D)≤ n and, consequently, t ∈ N f .

Now, we are going to characterize the functions that generate the same SWFs.

Proposition 1 Let f ,g ∈ C . Then the following statements are equivalent:

1. Ff = Fg.
2. N f = Ng and [ f (t)] = [g(t)] for all t ∈ N f .

Proof
(1)⇒ (2): First, we are going to prove that N f = Ng. By Lemma 1, t ∈ N f if and

only if there exists D ∈ D such that n−(D) = t and Ff (D) = 1. Since Ff = Fg, then
there exists D ∈ D such that n−(D) = t and Fg(D) = 1 and, again by Lemma 1, this
is equivalent to t ∈ Ng.

Now, we are going to prove that [ f (t)] = [g(t)] for all t ∈ N f . This is proven
by contradiction. Suppose that there exists t ∈ N f such that [ f (t)] 6= [g(t)]. We can
suppose, without loss of generality, that [ f (t)] < [g(t)]. Consider a profile D ∈ D
such that n−(D) = t and n+(D) = [ f (t)] + 1 (this profile exists because n−(D) +
n+(D) = t +[ f (t)]+1≤ n). For this profile we have Ff (D) = 1 and Fg(D)< 1; i.e.,
a contradiction.

(2)⇒ (1): Since Ff and Fg are neutral, it is sufficient to prove that Ff (D) = 1 if
and only if Fg(D) = 1 for all D ∈ D . Let D ∈ D such that Ff (D) = 1. By Lemma 1,
if t = n−(D), then t ∈ N f , and, by definition of Ff and Fg, we have:

Ff (D) = 1⇒ n+(D)> f (n−(D)) ⇒ n+(D)> [ f (n−(D))]

⇒ n+(D)> [g(n−(D))] ⇒ n+(D)> g(n−(D)) ⇒ Fg(D) = 1.

In a similar way we can prove that Fg(D) = 1 ⇒ Ff (D) = 1 for all D ∈D .
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The null SWF is defined by F(D) = 0 for all D ∈ D . It is easy to check that a
function f ∈ C generates the null SWF if and only if N f = /0, which is equivalent to
f (0)≥ n.

It is worth noting that the main SWFs used in practice can be generated by affine
functions. For this reason, we are going to analyze the set formed by the affine func-
tions that generate anonymous, neutral and monotonic SWFs. Firstly, given an affine
function f (t) = at + b, we are going to show the consequences that the conditions
imposed on the function f have on a and b.

Remark 1

1. f is increasing if and only if a≥ 0.
2. The condition f (t) ≥ t for all t ∈ [0,n/2] is equivalent to b ≥ 0 and b ≥ (1−

a)(n/2).
3. In order to avoid the null SWF, we consider f (0) = b < n.
4. We can only consider affine functions that satisfy the condition a+b ≤ n−1 (If

a+b > n−1, with b < n, then the function g(t) = a′t +b′, where a′ = n−1− [b]
and b′ = [b], satisfies Ng = N f = {0} and [g(0)] = [ f (0)]; that is, by Proposition 1
generates the same SWF as f and a′+b′ ≤ n−1).

Consequently, we can restrict our study to the following set of affine functions:

L =
{

at +b | a≥ 0, b≥ 0, (1−a)(n/2)≤ b≤ n−1−a
}
.

Notice that the SWFs generated through the affine functions of L are determined
by the values of a and b. The parameter b shows the support that an alternative needs
for winning ([b]+1 votes) when the other alternative lacks support. Analogously, the
parameter a reflects the support that an alternative needs by each vote that the other
alternative receives. Therefore, we only need to specify these parameters to select a
SWF.

Next we are going to show some affine functions and the anonymous, neutral and
monotonic SWFs that they generate.

Remark 2

1. When f (t) = t we obtain simple majority:

F(D) = 1 ⇔ n+(D)> n−(D).

Simple majority has been widely studied and characterized by several authors.
The first axiomatic characterization of this SWF was given by May (1952) and,
after that, it has also been characterized, in the case of two alternatives, by Fish-
burn (1973, p. 58), Fishburn (1983), Aşan and Sanver (2002), Woeginger (2003,
2005), Miroiu (2004), Llamazares (2006), Xu and Zhong (2010) and Quesada
(2013).

2. When f (t) = n/2 we obtain absolute majority:

F(D) = 1 ⇔ n+(D)> n/2.

This majority has been characterized by Fishburn (1973, p. 60), Sanver (2006)
and Quesada (2010).
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3. When f (t) = n−1 we obtain unanimous majority:

F(D) = 1 ⇔ n+(D) = n.

Unanimous majority has been characterized by Woeginger (2003), Llamazares
(2006) and Quesada (2011).

4. When f (t) = (n−1)t we obtain Pareto majority:

F(D) = 1 ⇔ n+(D)> 0 and n−(D) = 0.

Pareto majority has been characterized by Sen (1970, p. 76).
5. Given α ∈ [1/2,1), if f (t) = αn, then we obtain the absolute special majority

Aα :
Aα(D) = 1 ⇔ n+(D)> αn.

These rules are found between absolute majority, for α = 1/2, and unanimous
majority, for α ≥ (n− 1)/n. Absolute special majorities have been studied by
Ferejohn and Grether (1974), and characterized by Fishburn (1973, p. 67) (with-
out the neutrality assumption), Austen-Smith and Banks (1999, p. 80), Aşan and
Sanver (2006), Houy (2007a) and Sanver (2009). On the other hand, according to
(4) of Remark 1, if α ∈ ((n− 1)/n,1), then f (t) = αn and g(t) = ((n− 1)/n)n
generate the same SWF; i.e., Aα = A n−1

n
for all α ∈ ((n−1)/n,1). Therefore, we

can only consider α ∈ [1/2,(n−1)/n].
6. Given β ≥ 1, if f (t) = β t, then we obtain the relative special majority Rβ :

Rβ (D) = 1 ⇔ n+(D)> βn−(D).

These rules are found between simple majority, for β = 1, and Pareto majority,
for β ≥ n− 1. Relative special majorities have been studied by Craven (1971),
Fishburn (1973, p. 68) (without the neutrality assumption), Ferejohn and Grether
(1974) and Jain (1983, 1986). On the other hand, according to (4) of Remark 1,
if β > n− 1, then f (t) = βn and g(t) = (n− 1)t generate the same SWF; i.e.,
Rβ = Rn−1 for all β > n−1. Therefore, we can only consider β ∈ [1,n−1].

7. Given δ ∈ [0,1], if f (t) = ((1−δ )/(1+δ ))t +(δ/(1+δ ))n, then we obtain the
semi-strict majority Sδ :

Sδ (D) = 1 ⇔ n+(D)>
1−δ

1+δ
n−(D)+

δ

1+δ
n.

These rules are found between simple majority, for δ = 0, and absolute majority,
for δ = 1. Semi-strict majorities have been studied by Pattanaik (1971, p. 54)
(with an equivalent formulation and he called them M-rules).

8. Given k ∈ {0,1, . . . ,n−1}, if f (t) = t + k, then we obtain the majority based on
difference of votes Mk:

Mk(D) = 1 ⇔ n+(D)> n−(D)+ k.

These rules are found between simple majority, for k = 0, and unanimous major-
ity, k = n−1. Majorities based on difference of votes have been characterized by
Llamazares (2006), Houy (2007b) and Sanver (2009). On the other hand, accord-
ing to (4) of Remark 1, f (t) = t +n−1 and g(t) = n−1 generate the same SWF,
the unanimous majority. Therefore, we can only consider k ∈ {0,1, . . . ,n−2}.
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In the following theorem we show that the set L is convex and its extreme points
are the functions that generate the following SWFs: simple majority, absolute major-
ity, unanimous majority and Pareto majority.

Theorem 2 The set L is convex and its extreme points are the functions f (t) = t,
f (t) = n/2, f (t) = n−1 and f (t) = (n−1)t.

Proof Let V = {at +b | a,b ∈R} and ψ : V −→R2 defined by ψ(at +b) = (a,b).
Taking into account that V is a vector space and that the map ψ is an isomorphism,
the following results are derived from the theory of convex sets:

1. L is a convex set if and only if ψ(L ) is a convex set.
2. at +b is an extreme point of L if and only if (a,b) is an extreme point of ψ(L ).

Therefore, in order to prove the theorem it is sufficient to show that ψ(L ) =
{(a,b) | a ≥ 0, b ≥ 0, (1− a)(n/2) ≤ b ≤ n− 1− a} is a convex set and that its
extreme points are (1,0), (0,n/2), (0,n−1) and (n−1,0). On the one hand, ψ(L )
is a convex set because it is a polyhedral set; on the other hand, it is easy to check
(for instance, graphically; see Figure 1) that (1,0), (0,n/2), (0,n−1) and (n−1,0)
are extreme points of ψ(L ).

1 n−1 a

n/2

n−1

b

Aα

Rβ

Sδ

Pl

Qθ

Cθ

Fig. 1 The set ψ(L ) and different classes of majorities.

It is worth noting that some of the affine functions shown in Remark 2 are convex
combinations of two extreme points of L (see Figure 1). For instance,

1. The functions that generate absolute special majorities are convex combinations
of the functions that generate absolute and unanimous majorities:

αn = (1−θ)
n
2
+θ(n−1), where θ =

αn−n/2
n/2−1

.
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2. The functions that generate relative special majorities are convex combinations
of the functions that generate simple and Pareto majorities:

β t = (1−θ)t +θ(n−1)t, where θ =
β −1
n−2

.

3. The functions that generate semi-strict majorities are convex combinations of the
functions that generate simple and absolute majorities:

1−δ

1+δ
t +

δ

1+δ
n = (1−θ)t +θ

n
2
, where θ =

2δ

1+δ
.

It is possible to obtain three more families of SWFs generated by functions that
are convex combinations of two extreme points of L . Thus:

1. When we consider convex combinations of the functions that generate Pareto and
unanimous majorities we obtain

f (t) = (1−θ)(n−1)t +θ(n−1),

with θ ∈ [0,1]. If l = [θ(n− 1)], then l ∈ {0,1, . . . ,n− 1} and the majority gen-
erated by f is

Pl(D) = 1 ⇔ n+(D)> l and n−(D) = 0.

2. When we consider convex combinations of the functions that generate Pareto and
absolute majorities we obtain

f (t) = (1−θ)(n−1)t +θ
n
2
,

with θ ∈ [0,1]. In this case, the majority generated by f is

Qθ (D) = 1 ⇔ n+(D)> (1−θ)(n−1)n−(D)+θ
n
2
.

3. When we consider convex combinations of the functions that generate simple and
unanimous majorities we obtain

f (t) = (1−θ)t +θ(n−1),

with θ ∈ [0,1]. In this case, the majority generated by f is

Cθ (D) = 1 ⇔ n+(D)> (1−θ)n−(D)+θ(n−1).

It is worth noting that the functions that generate majorities based on difference
of votes, f (t) = t + k (with k ∈ {0,1, . . . ,n− 2}), are convex combinations of the
functions that generate simple, Pareto and unanimous majorities:

t + k =
(

1− k
n−2

)
t +

k
(n−2)(n−1)

(n−1)t +
k

n−1
(n−1).
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4 Concluding remarks

Social choice problems are very common in real life and appear in many different
fields. One of the most important issues in this subject is how to choose the decision
rule to be used. One possibility is to choose the decision rule according to its prop-
erties. For this, the axiomatic characterizations given in the literature are essential.
When only two alternatives are in conflict, Corollary 1 and the set of affine functions
L (to the best of our knowledge, affine functions are the only used in real life) pro-
vide another easy possibility: It is sufficient to determine the parameters a and b (we
recall that b shows the support that an alternative needs for winning, [b] + 1 votes,
when the other alternative lacks support, while a reflects the support that an alter-
native needs by each vote that the other alternative receives). Lastly, knowing that
certain majorities are convex combination of simple, absolute, unanimous or Pareto
majorities could also be useful. For instance, consider the case of semi-strict ma-
jorities, Sδ . As we have seen, they are convex combination of simple and absolute
majorities, f (t) = (1−θ)t +θ

n
2 . Since θ = 2δ

1+δ
, when δ is a value close to 0, so is

θ , and the behavior of Sδ is similar to simple majority. Instead, when δ is a value
close to 1, so is θ , and the behavior of Sδ is similar to absolute majority.
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